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Abstract: A flexible distribution has been introduced to handle random variables in the unit inter-
val. This distribution is based on an exponential transformation of the truncated positive normal
distribution with two parameters and can effectively fit data with varying degrees of skewness and
kurtosis. Therefore, it presents an alternative for modeling this type of data. Several mathematical
and statistical properties of this distribution have been derived, such as moments, hazard function,
the Bonferroni curve, and entropy. Moreover, we investigate the characterizations of the proposed
distribution based on its hazard function. Parameter estimation has been performed using both the
maximum likelihood method and method of the moments. Because of this, we were able to determine
the best critical region and the information matrix, facilitating the calculation of asymptotic confi-
dence intervals. A simulation study is presented to analyze the behavior of the obtained estimators
for different sample sizes. To demonstrate the suitability of the proposed distribution, applications
and goodness-of-fit tests have been performed on two practical data sets.

Keywords: entropy; information matrix; estimation; statistical modeling; proportion data; simulation;
unit interval

MSC: 60E05; 62E15; 62F10

1. Introduction

Data fitting is an essential procedure in statistical analysis to ensure the precision
and dependability of outcomes. Recently, there has been a growing interest in developing
innovative models for data fitting, particularly within the unit interval. This statistical
approach aims to address the challenges associated with manipulating data within a specific
range and offers a more robust framework for analysis. In this manuscript, we present a
groundbreaking model for data fitting within the unit interval, which exhibits promising
potential for enhancing the quality of statistical inferences.

The proposed distribution is particularly useful for modeling data within the unit
interval [0, 1], making it relevant in various areas of life. For instance, in finance, this
distribution can be used to model the probability of investment returns, especially in
assets with variable risk or volume. In environmental science, it can be applied to model
proportion data, such as species coverage in an ecosystem. Additionally, in public health,
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this distribution can be utilized to analyze data on the incidence or prevalence rates of
diseases in a population.

The proposed model is based on the transformation of a random variable that adheres
to a truncated positive normal distribution [1]. Utilizing a truncated positive normal (TPN)
distribution as the foundation of the suggested model offers several advantages. Firstly,
this distribution allows for greater flexibility in data modeling and analysis compared to
the conventional semi-normal distribution. Secondly, the proposed model incorporates
an additional shape parameter that further enhances its flexibility and enables a more
optimal fit. Among the models associated with the normal distribution, the half-normal
(HN) model is notable. It emerges as a specific instance within the context of the TPN,
where the shape parameter equals zero. This property renders the TPN a more adaptable
model in contrast to the HN.

The objective of this study is to propose a flexible distribution for modeling real-world
data with support in the interval (0, 1) using the exponential transformation X = exp{−Z},
where Z follows a TPN distribution. Models to which this transformation is applied are
called unitary distributions. Various alternative transformations can be employed to
achieve a unitary distribution, such as Z/(1 + Z), (1 + Z)−1, sin2(Z), and cos2(Z), where
Z > 0. In the current study, the proposed transformation yields closed-form expressions
and a simple structure for the X distribution. Furthermore, this transformation provides
statistical properties related to the simple closed-form distribution. For instance, the
moment-generating function remains closed, unlike with other transformations.

This range encompasses well-established models, such as the beta and Kumaraswamy
distributions. Additionally, the literature presents various unitary distribution mod-
els, including the Topp–Leone distribution [2]: unit-gamma [3], log-Lindley [4], two-
parameter unit-logistic [5], two-parameter unit-Birnbaum–Saunders [6], unit-Weibull [7],
unit-Gompertz [8], unit-inverse Gaussian [9], unit modified Burr-III [10], one-parameter
unit-Lindley [11], alpha-unit [12], modified unit-half-normal [13], unit-half-normal [14],
unit-exponential [15] and unit upper truncated Weibull [16].

The proposed model provides a somewhat better fit compared to these models. An-
other crucial feature of the model is its ability to adequately fit small data sets that exhibit
extreme right skewness within the unit interval.

The proposed distribution encompasses the behavior and provides superior fits com-
pared to some established lifetime distributions, such as the unit-logistic, beta, and Ku-
maraswamy distributions. The rationale for introducing the unit-truncated positive normal
distribution is based on (i) its ability to model constant, increasing, or inverted risk rates,
allowing it to capture different behaviors over time; (ii) suitabilitys for fitting data that
are skewed and may not adequately fit other common distributions and its applicabil-
ity to a variety of problems in diverse fields, such as environmental studies, industrial
reliability, and survivability analysis; and (iii) its favorable comparison to three alterna-
tive life distributions for testing failure and environmental data based on two practical
data applications.

The following summary provides an overview of the remaining sections of the paper.
The proposed distribution is presented in Section 2 along with a discussion of its basic
characteristics. In Section 3, the expected Fisher information matrix and estimators of the
unknown parameters by the maximum likelihood (ML) technique are presented. Section 4
conducts Monte Carlo simulations to assess the effectiveness of the ML estimators and the
parameters’ asymptotic confidence intervals. Two sets of real-world data are analyzed and
presented in Section 5. The paper is finally concluded in Section 6.

2. The Model and Its Properties

In this section, we outline the proposed bounded distribution based on transforming a
truncated positive normal variable, as described in [1].

A random variable Z follows the TPN, denoted as Z ∼ TPN(σ, α), if its cumulative
distribution function (CDF) is given by
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FZ(z; α, σ) = cα

[
Φ
( z

σ
− α

)
+ Φ(α)− 1

]
, 0 < z < ∞, (1)

where c−1
α = Φ(α), α ∈ R is a shape parameter, σ > 0 is a scale parameter, and Φ represents

the CDF of the standard normal (SN) distribution.
Let Z be a non-negative random variable following the TPN distribution. Its probabil-

ity density function (PDF) is expressed as

fZ(z; α, σ) =
cα

σ
ϕ
( z

σ
− α

)
, 0 < z < ∞, (2)

where ϕ represents the PDF of the SN distribution.
The quantile function (the inverse of CDF given in (1)) of the variable Z is given by

QZ(p; α, σ) = σ

[
Φ−1

(
cα

p
− Φ(α) + 1

)
+ α

]
,

where Φ−1 is the SN distribution’s quantile function.

Proposition 1. Using the transformation X = exp{−Z}, we derive a new distribution with
support on the interval (0, 1), known as the unit-TPN distribution, denoted as X ∼ UTPN(α, σ).
Its PDF is defined as

fX(x; α, σ) =
cα

xσ
ϕ

(
log(x)

σ
+ α

)
, 0 < x < 1, (3)

where α ∈ R and σ > 0 are the parameters for shape and scale, respectively.

Proof. Using the change-of-variable approach and the symmetry of the SN (ϕ(x) = ϕ(−x)),
then the random variable X = exp{−Z} takes values within the interval (0, 1) and has the
density function

fX(x; α, σ) = fZ(− log(x); σ, α)

∣∣∣∣ d
dx

(− log(x))
∣∣∣∣

=
cα

σ
ϕ

(
− log(x)

σ
− α

)∣∣∣∣− 1
x

∣∣∣∣
=

cα

xσ
ϕ

(
log(x)

σ
+ α

)
.

The associated CDF and hazard rate (HR) functions for Equation (3) are provided,
respectively, by

FX(x; α, σ) = cαΦ
(

log(x)
σ

+ α

)
, (4)

hX(x; α, σ) =
cα

xσ

ϕ
(

log(x)
σ + α

)
1 − cαΦ

(
log(x)

σ + α
) . (5)

2.1. Characterizations of the UTPN Distribution Based on Its Hazard Function

Characterizing a PDF using the hazard function is essential for grasping temporal
event dynamics. This linkage offers a valuable understanding of how event probabili-
ties evolve over time and with pertinent factors. Particularly in survival analysis, it aids
in predicting survival probabilities, while in reliability engineering, it assists in evaluat-
ing failure rates and directing maintenance strategies. In essence, this characterization
proves to be a potent instrument for analyzing time-to-event data and facilitating informed
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decision-making across diverse domains. Various researchers, including Glänzel [17,18]
and Hamedani [19], have delved into different techniques for such characterizations of
continuous probability distributions.

According to Akhila et al. [20], the PDF and the hazard function are related in the
following manner:

f ′(x)
f (x)

=
h′(x)
h(x)

− h(x), (6)

where f (x) is the PDF and h(x) is the hazard function.
For the following result, we will redefine the two earlier functions of the UTPN

distribution as follows: Let f (x) represent fX(x; α, σ) and h(x) represent hX(x; α, σ).

Theorem 1. Let X : Ω → (0, 1) be a continuous random variable. Equation (3) provides the PDF
of X if and only if the next differential equation is satisfied by its hazard function, h(x):

x
α
σ +1h′(x) +

( α

σ
+ 1
)

x
α
σ h(x) =

cα

σ

d
dx

 x
α
σ ϕ
(

log(x)
σ + α

)
1 − cαΦ

(
log(x)

σ + α
)
. (7)

Proof. The PDF f (x) and the hazard function h(x) of X are given by Equations (3) and (5),
respectively. Then, we have

f ′(x)
f (x)

= − 1
x
− 1

xσ

(
log(x)

σ
+ α

)
.

Utilizing Equation (6), we can express

h′(x)+
α
σ + 1

x
h(x) =

cα

x2σ2

ϕ
(

log(x)
σ + α

)(
cαϕ
(

log(x)
σ + α

)
− log(x)

σ

(
1 − cαΦ

(
log(x)

σ + α
)))

(
1 − cαΦ

(
log(x)

σ + α
))2 ,

which implies

x
α
σ +1h′(x) +

(
α
σ + 1

)
x

α
σ h(x) = cα

σ2

x
α
σ −1ϕ

(
log(x)

σ +α
)(

cαϕ
(

log(x)
σ +α

)
− log(x)

σ

(
1−cαΦ

(
log(x)

σ +α
)))

(
1−cαΦ

(
log(x)

σ +α
))2 .

Now, given that Equation (7) holds,

d
dx

(
x

α
σ +1h(x)

)
=

cα

σ

d
dx

 x
α
σ ϕ
(

log(x)
σ + α

)
1 − cαΦ

(
log(x)

σ + α
)
,

from which we derive

h(x) =
cα

xσ

ϕ
(

log(x)
σ + α

)
1 − cαΦ

(
log(x)

σ + α
) .

2.2. Shapes

The UTPN distribution’s PDF is unimodal and log-concave. Indeed, the second
derivative of log( fX(x; α, σ)) is

d2

dx2 log( fX(x; α, σ)) =
log(x)− 1 + σ(α + σ)

x2σ2 < 0. (8)
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Figures 1 and 2 present the different curves for the PDF and the HR function, respec-
tively, of the UTPN distribution for varying values of α and σ. Figure 1 reveals that there are
four possible behaviors for the UTPN distribution: increasing, unimodal, reversed J-shaped,
and right-skewed. Figure 2 demonstrates that the HR function of the UTPN distribution
can have a bathtub-inverted shape, be increasing, or remain constant. An advantage of
the UTPN distribution over the TPN distribution is that the latter is unable to describe
situations with an inverted bathtub-shaped hazard function.
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Figure 1. Graph of the UTPN densities for various values of α and σ.

2.3. Quantile Function

The quantile function of the UTPN distribution is derived by inverting Equation (4) as
follows:

Qp =

(
exp

{
Φ−1

(
p
cα

)
− α

})σ

, 0 < p < 1. (9)

Note that Q0.5, Q0.25, and Q0.75 stand for median, first quartile, and third quartile of
the UTPN distribution, correspondingly.

2.4. Mode

The mode of fX(x; α, σ) is the root of the equation

d
dx

log( fX(x; α, σ)) = − 1
x
− 1

xσ

(
log(x)

σ
+ α

)
= 0. (10)

Therefore, if x = x0,
x0 = exp

{
−σ2

(
1 +

α

σ

)}
, (11)
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this means that x0 is the sole point where fX(x; α, σ) reaches its maximum.
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Figure 2. Graphs of the HR function for the UTPN distribution with varying values of α and σ.

2.5. Hazard Rate Function

Lemma 1. Given that f (x), for x > 0, is a twice-differentiable density function of a positive real-
valued continuous random variable with an HR function h(x), let λ(x) = −(d/dx) log( f (x)).
Consequently, (i) if λ(x) decreases (increases) as x increases, then h(x) increases (decreases) as x
increases, and (ii) if λ(x) follows a bathtub (inverted bathtub) pattern, then h(x) will also follow a
bathtub (inverted bathtub) pattern.

The proof of this result is provided by Glaser [21]. Based on this finding, the shape of
the HR function of the UTPN distribution can be inferred as follows.

Proposition 2. The HR function of the UTPN distribution exhibits an inverted bathtub shape.

Proof. Given that

λ(x) =
σ(α + σ) + log(x)

xσ2 , (12)

it follows that
d

dx
λ(x) =

−σ(α + σ)− log(x) + 1
x2σ2 . (13)

Consequently, by λ′(x) = 0, the global maximum of λ(x) is x∗ = exp{1 − σ(α + σ)},
because

d2

dx2 λ(x)
∣∣∣∣
x=x∗

=
−1

σ2 exp{3 − 3σ(α + σ)} < 0. (14)
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This demonstrates that λ(x) exhibits an inverted bathtub shape. Therefore, according
to Glaser’s Lemma, h(x) also exhibits an inverted bathtub shape. Additionally, with
(d/dx)λ(x) > 0 for x ∈ (0, 1), σ > 0, and α < −σ, it follows that λ(x) is an
increasing function.

2.6. Moments and Moment Generating Function

Here, we derive the expressions for the moments and moment-generating function
of the distribution, which are crucial for any statistical analysis, particularly in applied
research. The distribution’s moments, including its mean, variance, skewness, and kurtosis,
provide insight into its most significant characteristics.

Proposition 3. If the random variable X follows a UTPN distribution, its r-th moment about zero
can be calculated as

E(Xr) =
Φ(α − r σ)

Φ(α)
exp

{
σ

(
r2σ

2
− α

)}
. (15)

Proof. Using the stochastic representation X = exp{−Z}, where Z ∼ TPN(σ, α), one
can write

E(Xr) = E
(

e−rZ
)
=
∫ ∞

0

cα

σ
e−rz ϕ

( z
σ
− α

)
dz

and defining u = z/σ − α implies

E(Xr) =
∫ ∞

−α
cαe−rσ(u+α)ϕ(u)du =

Φ(α − r σ)

Φ(α)
exp

{
σ

(
r2σ

2
− α

)}
.

This is accomplished using some simplifications and minor algebraic manipulation.

Corollary 1. (i) Let X ∼ UTPN(α, σ); then, the mean, variance, skewness (γX), and kurtosis
(κX) coefficients are, respectively, given as

E(X) = ρ1 eσ( σ
2 −α), Var(X) = eσ(σ−2α)(ρ2eσ2 − ρ2

1),

γX =
ρ3e3σ2 − 3ρ1ρ2eσ2

+ 2ρ3
1

(ρ2eσ2 − ρ2
1)

3/2
and κX =

ρ4e6σ2 − 4ρ1ρ3e3σ2
+ 6ρ2

1ρ2eσ2 − 3ρ4
1

(ρ2eσ2 − ρ2
1)

2
,

(ii) As a result of the central limit theorem, let X1, X2, . . . be independent random variables, and
utilizing the identical distribution of X ∼ UTPN(α, σ), then, if Sn = X1 + X2 + . . . + Xn,
one has

Sn − nµ

ω
√

n
D−→ N(0, 1) (n ↑ ∞),

where

µ = ρ1 exp{σ(σ/2 − α)}, ω =
√

exp{σ(σ − 2α)}(ρ2 exp{σ2} − ρ2
1),

ρr := ρr(σ, α) =
Φ(α − r σ)

Φ(α)
and r = 1, 2, 3, 4.

In Figure 3, the UTPN distribution’s mean, variance, skewness, and kurtosis are displayed
as functions of α and σ. Observations indicate that as α varies, the mean decreases indepen-
dently of the values of σ. In terms of variance, the curves exhibit concavity and unimodality
for all α values, with values decreasing as σ decreases. On the other hand, negative skewness is
observed for α < 0, while positive skewness is observed for α > 0. In addition, smaller σ values
are associated with reduced skewness, while larger σ values are associated with increased
skewness. Finally, kurtosis decreases as σ decreases, which occurs for α > 2 (approximately).



Axioms 2024, 13, 397 8 of 21

−3 −2 −1 0 1 2 3

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

α

M
e

a
n

σ = 0.5

σ = 1

σ = 1.5

σ = 2

σ = 2.5

−6 −4 −2 0 2 4 6

0
.0

0
0

.0
1

0
.0

2
0

.0
3

0
.0

4
0

.0
5

0
.0

6

α

V
a

ri
a

n
c
e

σ = 0.2

σ = 0.4

σ = 0.6

σ = 0.8

σ = 1

−6 −4 −2 0 2 4 6

−
2

0
2

4
6

α

S
k
e
w

n
e

s
s

σ = 0.2

σ = 0.4

σ = 0.6

σ = 0.8

σ = 1

−5 0 5 10

0
2

0
4

0
6

0
8

0
1

0
0

α

K
u

rt
o

s
is

σ = 0.2

σ = 0.4

σ = 0.6

σ = 0.8

σ = 1

Figure 3. Graph of the UTPN distribution’s mean, variance, skewness, and kurtosis for various values
of α and σ.

Proposition 4. If the random variable X is UTPN distributed, then its moment-generating function
is given by

MX(t) = E(etX) =
∞

∑
k=0

tk

k!
ρk(σ, α) exp

{
kσ

(
kσ

2
− α

)}
. (16)

Proof. The moment-generating function’s definition implies

MX(t) = cα

∫ 1

0

etx

xσ
ϕ

(
log(x)

σ
+ α

)
dx,

using the exponential series exp{a} = ∑∞
k=0 ak/k! and taking the change of variables

u = log(x)/σ + α

MX(t) = cα

∫ α

−∞

∞

∑
k=0

tkek(u−α)σ

k!
ϕ(u)du

= cα

∞

∑
k=0

tke−kασ

k!

∫ α

−∞
ekσuϕ(u)du

=
∞

∑
k=0

tk ekσ( kσ
2 −α)

k!
Φ(α − kσ)

Φ(α)

=
∞

∑
k=0

tk

k!
ρk(σ, α) exp

{
kσ

(
kσ

2
− α

)}
.
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2.7. Curves of Bonferroni and Lorenz

Bonferroni and Lorenz curves [22] are commonly used in economics to study income
and poverty, although they are also helpful in other domains, including reliability, insurance,
demography, and medicine. The definition of the Bonferroni curve is

B(p) =
1

pµ

∫ q

0
x fX(x)dx, 0 ≤ p < 1, (17)

where µ = E(X) and q = F−1
X (p; α, σ). The Lorenz curve is obtained by the expression

L(p) = pB(p). Specifically, the Bonferroni curve for the UTPN distribution can be calcu-
lated as

B(p) =
cα

pµ
Φ
(

log(q)
σ

+ α − σ

)
exp

{
σ
(σ

2
− α

)}
.

Figure 4 illustrates the Bonferroni curve for the UTPN distribution with σ = 1, showing
different values for α. It is clear that the Bonferroni value increases as α decreases. Ad-
ditionally, the graph indicates that as the probability p increases, the Bonferroni value
also increases.
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α = − 1.5

α = − 0.5

α = 0

α = 0.5

α = 1.5

Figure 4. Bonferroni curve for the UTPN distribution for α = −1.5,−0.5, 0, 0.5, 1.5 and σ = 1.

2.8. Entropy

A measure of the uncertainty’s variation is the entropy of a random variable X with
a certain PDF. Greater data uncertainty is indicated by a high entropy value. The Rényi
entropy [23], Rλ(X), for X is defined as

Rλ(X) =
1

1 − λ
log
{∫

R
f λ
X(x)dx

}
, (18)
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where λ > 0 and λ ̸= 1. Suppose X has the UTPN distribution, then by substituting (3) in
(18), we obtain

∫
R

f λ
X (x)dx =

∫ 1

0

cλ
α

σλxλ
ϕλ

(
log(x)

σ
+ α

)
dx

=
cλ

α

σλ−1

∫ α

−∞
eσ(u−α)(1−λ) ϕλ(u)du

= cλ
α σ1−λλ−1/2(2π)(1−λ)/2Φ

(
αλ−(1−λ)σ√

λ

)
exp

{
(1−λ)2σ2

2λ − α(1 − λ)σ
}

.

So one obtains the Rényi entropy as follows:

Rλ(X) = −ασ + log(σ
√

2π) + (1−λ)σ2

2λ − log(λ)
2(1−λ)

+ 1
1−λ log Φ

(
αλ−(1−λ)σ√

λ

)
− λ

1−λ log Φ(α).

Shannon entropy [24] defined by Sλ(X) = E{− log( fX(x))} is the particular case of
Equation (18) when λ → 1. Then calculating the limλ→1 Rλ(X) and using L’Hospital’s rule,
after some algebraic work, one obtains the result that

Sλ(X) = log
(

σ
√

2πΦ(α) exp
{

ασ − 1
2

})
− cα

2
(α + 2σ)ϕ(α).

3. Estimation and Inference

In this section, we use the maximum likelihood and moments approaches to estimate
the distribution parameters with the related inference.

3.1. Moments Estimator

Assume that the collection of realizations x1, . . . , xn comes from a size-n random
sample selected from the UTPN distribution with parameters α ∈ R and σ > 0. For the
moments estimation, let m1 = (1/n)∑n

i=1 xi, m2 = (1/n)∑n
i=1 x2

i , ρ1 = Φ(α − σ)/Φ(α)
and ρ2 = Φ(α − 2σ)/Φ(α). By equating the theoretical moments obtained by Corollary 1
with the sample moments given above, one obtains the following equations:

σ
(σ

2
− α

)
= log

(
m1

ρ1

)
2σ(σ − α) = log

(
m2

ρ2

)
.

The moment estimators for α and σ are calculated by simultaneously solving these equations
with an appropriate numerical method.

3.2. Maximum Likelihood Estimator

Here, we derive the maximum likelihood estimators (MLEs) and the observed Fisher
information matrix for complete samples of the UTPN distribution. Let x = (x1, . . . , xn)
denote the observed values obtained from a size-n random sample selected from the UTPN
distribution with parameters α ∈ R and σ > 0. We assume that both α and σ are unknown
and aim to estimate them based on x. In this context, we adopt the maximum likelihood
approach. The likelihood function for α and σ, given x, is expressed as

L(α, σ) =
cn

α

σn

n

∏
i=1

x−1
i ϕ

(
log(xi)

σ
+ α

)
.

Hence, the following is an expression for the log-likelihood function:

ℓ(α, σ) = n log(cα)− n log(σ) +
n

∑
i=1

log
{

ϕ

(
log(xi)

σ
+ α

)}
−

n

∑
i=1

log(xi).
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The function l(α, σ) is well defined for all values of the model parameters. It is continuous
and concave with respect to the parameters, ensuring the existence of a unique global maxi-
mum. Additionally, the parameter space is bounded, which contributes to the uniqueness
of the MLE. These properties guarantee that the MLE is unique and exists for the pro-
posed distribution (Casella and Berger [25]). Therefore, in accordance with the conditions
described above, the MLEs of α and σ are defined by

(α̂, σ̂) = argmax(α,σ)∈R×R+ℓ(α, σ).

That is, α̂ and σ̂ fulfill the score equations linked to ∂ℓ(α, σ)/∂α|α=α̂,σ=σ̂ = 0,

−n(α + cαϕ(α))− 1
σ

n

∑
i=1

log(xi)

∣∣∣∣∣
α=α̂,σ=σ̂

= 0, (19)

and ∂ℓ(α, σ)/∂σ|α=α̂,σ=σ̂ = 0 implies

−n
σ
+

α

σ2

n

∑
i=1

log(xi) +
1
σ3

n

∑
i=1

log2(xi)

∣∣∣∣∣
α=α̂,σ=σ̂

= 0. (20)

We focus on the existence and uniqueness of each MLE of the distribution parameters in
the following theorems, assuming that the other parameter is known; for additional details
on this method, see Popović et al. [26] and Alomair et al. [27].

Proposition 5. Given (19), there exists a unique solution to the equation ∂ℓ(α, σ)/∂α = 0 for
α ∈ R.

Proof. We have
∂ℓ(α, σ)

∂α
= −n

(
ϕ(α)

Φ(α)
+ α

)
− 1

σ

n

∑
i=1

log(xi).

We know that ϕ(α) → 0 as α → ±∞, Φ(α) → 1 as α → ∞, and Φ(α) → 0 as α → −∞. Thus,
−n(ϕ(α)/Φ(α) + α) → 0 as α → −∞ and −n(ϕ(α)/Φ(α) + α) → −∞ as α → ∞. On the
other hand, it follows that limα→−∞ ∂ℓ(α, σ)/∂α = −(1/σ)∑n

i=1 log(xi) > 0 (because σ > 0
and log(xi) < 0,∀i = 1, . . . , n) and limα→∞ ∂ℓ(α, σ)/∂α = −∞. Therefore, there exists at
least one root, say α̂ ∈ (−∞, ∞), such that ∂ℓ(α, σ)/∂α|α=α̂,σ = 0. To prove uniqueness, we
need to verify that ∂2ℓ(α, σ)/∂α2 < 0. Indeed, −n < ∂2ℓ(α, σ)/∂α2 < 0 for all n ≥ 1, because

lim
α→−∞

∂2ℓ(α, σ)

∂α2 = lim
α→−∞

−n

(
1 −

(
ϕ(α)

Φ(α)

)2

− α
ϕ(α)

Φ(α)

)
= 0

and

lim
α→∞

∂2ℓ(α, σ)

∂α2 = lim
α→∞

−n

(
1 −

(
ϕ(α)

Φ(α)

)2

− α
ϕ(α)

Φ(α)

)
= −n < 0.

Therefore, there exists a solution to ∂ℓ(α, σ)/∂α = 0 and the root α̂ is unique.

Proposition 6. Given (20), there exists a solution for equation ∂ℓ(α, σ)/∂σ = 0 for σ > 0, and
the solution is unique when nσ2 < S(α, σ), where

S(α, σ) = 2ασ
n

∑
i=1

log(xi) + 3
n

∑
i=1

log2(xi).



Axioms 2024, 13, 397 12 of 21

Proof. Solving ∂ℓ(α, σ)/∂σ = 0 is equivalent to solving h(α, σ) = 0, where

h(α, σ) = −nσ2 + ασ
n

∑
i=1

log(xi) +
n

∑
i=1

log2(xi).

For known α, and knowing that log2(xi) > 0 for all i = 1, . . . , n, we have the limit values of
h(α, σ) as follows

lim
σ→0

h(α, σ) =
n

∑
i=1

log2(xi) > 0 and lim
σ→∞

h(α, σ) = −∞.

Thus we can ensure that there is at least one root, say σ̂ ∈ (0, ∞), such that h(α, σ̂) = 0. To
prove uniqueness, we have to show that ∂2ℓ(α, σ)/∂σ2 < 0; that is,

n
σ2 − 2α

σ3

n

∑
i=1

log(xi)−
3
σ4

n

∑
i=1

log2(xi) < 0,

which implies

n
σ2 <

2α

σ3

n

∑
i=1

log(xi) +
3
σ4

n

∑
i=1

log2(xi),

nσ2 < 2ασ
n

∑
i=1

log(xi) + 3
n

∑
i=1

log2(xi).

Hence, we find that nσ2 < S(α, σ). Therefore, there exists a solution to ∂ℓ(α, σ)/∂σ = 0,
and the root σ̂ is unique when nσ2 < S(α, σ).

From (19), it follows immediately that the MLE of σ can be obtained as

σ̂ = − log(x)
cα̂ϕ(α̂) + α̂

. (21)

Using (20) and (21), the MLE of α satisfies the following equation

1
cα̂ϕ(α̂) + α̂

(
1

cα̂ϕ(α̂) + α̂
+ α̂

)
=

log2(x)(
log(x)

)2 .

where log(x) = (1/n)∑n
i=1 log(xi) and log2(x) = (1/n)∑n

i=1 log2(xi).
The numerical values of α̂ and σ̂ can be determined via any statistical software. Theo-

retical results guarantee the convergence of the MLEs in any sense, as well as the desired
asymptotic normality.

The proof of the MLEs’ asymptotic normality is provided in the following proposition.

Proposition 7. Let θ = (α, σ) and suppose that the regularity conditions (Casella and Berger [25])
hold for fX(x; θ) such that ∂3ℓ(θ)/∂θ3 exists and its absolute value is bounded by a function K(x)
such that E(K(X)) ≤ k.

Let {θ̂}n be a consistent sequence of roots of S(θ) = ∂ℓ(θ)/∂θ, i.e., θ̂
P−→ θ0, where θ0 is the

true value of the parameter. Then,

√
n(θ̂ − θ0)

D−→ N(0, I−1(θ0)),

where

I(θ0) = E
(
−∂2ℓ(θ)

∂θ2

)∣∣∣∣
θ=θ0

.
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Proof. We perform a second-order Taylor expansion of the score function S(θ) around θ0
and evaluate it at θ̂:

0 = S(θ̂) = S(θ0) + (θ̂ − θ0)
∂S(θ0)

∂θ
+

1
2
(θ̂ − θ0)

2 ∂2S(θ∗(θ̂, θ0))

∂θ2 ,

where |θ∗(θ̂, θ0)− θ0| ≤ |θ̂ − θ0|. Dividing by
√

n we get

0 =
1√
n

S(θ0) +
√

n(θ̂ − θ0)

[
1
n

∂S(θ0)

∂θ
+

1
2n

(θ̂ − θ0)
∂2S(θ∗(θ̂, θ0))

∂θ2

]
. (22)

By the central limit theorem,

1√
n

S(θ0) =
1√
n

n

∑
i=1

∂ log fX(Xi; θ)

∂θ

∣∣∣∣∣
θ=θ0

D−→ N(0, I(θ0)),

since ∂ log fX(Xi; θ)/∂θ are i.i.d. random variables with mean zero and variance and
I(θ0) < ∞.

Also, by the weak law of large numbers,

− 1
n

∂S(θ0)

∂θ
= − 1

n

n

∑
i=1

∂2 log fX(Xi; θ)

∂θ2

∣∣∣∣∣
θ=θ0

P−→ I(θ0).

Using the law of large numbers, we have

1
n

∣∣∣∣∣∂2S(θ∗(θ̂, θ0))

∂θ2

∣∣∣∣∣ ≤ 1
n

n

∑
i=1

∣∣∣∣∂3 log fX(Xi; θ)

∂θ3

∣∣∣∣
θ=θ∗

≤ 1
n

n

∑
i=1

K(Xi)
P−→ E(K(X)) < k,

i.e., |∂2S(θ∗(θ̂, θ0))/∂θ2|/n is bounded in probability by the constant k: for any ε > 0, the

probability that it is less than k + ε approaches 1. Finally, since θ̂
P−→ θ0, we have

1
2n

(θ̂ − θ0)
∂2S(θ∗(θ̂, θ0))

∂θ2
P−→ 0.

Employing Equation (22) and combining the previous results, we obtain

√
n(θ̂ − θ0) =

D−→N(0,I(θ0))︷ ︸︸ ︷
1√
n

S(θ0)

− 1
n

∂S(θ0)

∂θ︸ ︷︷ ︸
P−→I(θ0)

− 1
2n

(θ̂ − θ0)
∂2S(θ∗(θ̂, θ0))

∂θ2︸ ︷︷ ︸
P−→0

,

and by Slutsky’s theorem, we conclude that

√
n(θ̂ − θ0)

D−→ N(0, I−1(θ0)).

In the Appendix A of this article, the entries of the information matrix are calculated,
resulting in

I(θ0) = n

(
1 − c2

αϕ2(α)− αcαϕ(α) 1
σ (α + cαϕ(α))

1
σ (α + cαϕ(α)) 1

σ2 (2 + α2 + αcαϕ(α))

)
.
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On the other hand, using the previous results, we have that θ̂ ∼ N2(θ, Σ−1(θ̂)), where

Σ−1(θ̂) =
1

|I(θ̂)|

(
1

σ̂2 (2 + α̂2 + α̂cα̂ϕ(α̂)) − 1
σ̂ (α̂ + cα̂ϕ(α̂))

− 1
σ̂ (α̂ + cα̂ϕ(α̂)) 1 − c2

α̂ϕ2(α̂)− α̂cα̂ϕ(α̂)

)
, (23)

is the inverse of the observed information matrix and |I(θ̂)| = n2J (θ̂)/σ̂2 is the determi-
nant of the matrix I(θ̂), where J (θ̂) = 2− α̂c3

α̂ϕ3(α̂)− α̂cα̂ϕ(α̂)(3+ α̂2)− c2
α̂ϕ2(α̂)(3+ 2α̂2).

By using (23), we find that approximately 100(1− β)% asymptotic confidence intervals
for α and σ are

α̂ ±
zβ/2

n

√
2 + α̂2 + α̂cα̂ϕ(α̂)

J (θ̂)
and σ̂

(
1 ±

zβ/2

n

)√
1 − c2

α̂ϕ2(α̂)− α̂cα̂ϕ(α̂)

J (θ̂)
,

where zβ/2 is the upper β-th percentile of the SN distribution.
We will use the Kolmogorov–Smirnov (K-S) test to assess the goodness-of-fit for the

proposed models. The K-S test statistic D is defined as the maximum absolute difference
between the empirical cumulative distribution function (ECDF) of the sample and the CDF
of the reference distribution: D = supx |Fn(x)− F(x)|, where Fn(x) is the ECDF of the sam-
ple and F(x) is the theoretical CDF. Additionally, to evaluate the fit of various models, we
will employ the maximum likelihood technique and well-known fitting criteria, specifically
the Hannan–Quinn information criterion (HQIC), the Bayesian information criterion (BIC),
the consistent Akaike’s information criterion (CAIC), and the Akaike information criterion
(AIC). For the UTPN model, these criteria are defined as follows:

AIC = −2ℓ(θ̂) + 2m, CAIC = −2ℓ(θ̂) +
2mn

n − m − 1
,

BIC = −2ℓ(θ̂) + m log(n), HQIC = −2ℓ(θ̂) + 2m log(log(n)),

where m is the number of parameters. The R programming language (see [28]) will be
utilized for the simulation and practical aspects, as discussed in the next section.

4. Simulation Study

This section examines the performance of the MLEs and the asymptotic confidence
intervals for the parameters indexing the UTPN distribution through Monte Carlo simula-
tions. The sample size is set at n = 25, 35, 50, 100, 200, and 500, while the parameters are
fixed at α = −0.3, 0.3, and 4.5, with σ = 0.4 and 2.3. For each combination, M = 10,000
pseudo-random samples are generated from the UTPN distribution using the inverse
CDF method, meaning

x =

(
exp

{
Φ−1

(
u
cα

)
− α

})σ

, (24)

where u is a uniform (0, 1) observation.
To assess the performance of the MLEs and their asymptotic confidence intervals, the

bias (Bias), standard error (SE), root mean squared error (RMSE), and coverage probability
(CP) of the 95% confidence intervals are calculated. Insights can be gleaned from Table 1.

The simulation study, detailed in Table 1, provides valuable insights into the perfor-
mance of ML estimates for the UTPN distribution under varying sample sizes (n) and true
values of the scale parameter (σ). Notably, the estimates exhibit commendable convergence
as sample size increases, reflecting the robustness of the ML method. When α is a positive
value, for a true value of σ = 0.4, the estimates of α̂ and σ̂ approach stability as n grows.
The bias diminishes, SE decreases, and the RMSE converges, indicating the dependability
and accuracy of the ML estimates. The CP of the 95% confidence intervals consistently ap-
proaches the nominal level, highlighting the precision of the estimates. Similarly, when the
true value of σ = 2.3, the ML estimates exhibit convergence properties as the sample size
increases. The bias decreases, SE reduces, and RMSE stabilizes, reflecting the consistency
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and efficiency of the estimation approach. The CP of the confidence intervals remains close
to the expected 95% level, underscoring the dependability of the ML estimates even under
larger-scale values. When α is a negative value, the asymptotic convergence is slow for
small sample sizes. In summary, the simulation results affirm the suitability and robust-
ness of the ML estimation approach for the UTPN distribution, particularly in achieving
reliable parameter estimates as sample sizes increase, regardless of variations in the true
scale parameter. These findings contribute to the methodological robustness of the UTPN
distribution, enhancing its applicability in diverse statistical modeling scenarios.

Table 1. Empirical mean, bias, SE, RMSE, and 95% CP for the ML estimates of α and σ in the UTPN
distribution across different combinations of α and σ parameters.

True Value n Estimate Mean Bias SE RMSE CP

α =−0.3 σ = 0.4 25 α̂ −0.2569 0.0431 1.7876 1.4398 0.8744
σ̂ 0.4123 0.0123 0.3403 0.2745 0.8112

35 α̂ −0.3351 −0.0351 1.5696 1.1978 0.8958
σ̂ 0.4227 0.0227 0.3062 0.2296 0.8391

50 α̂ −0.4276 −0.1276 1.5773 1.4229 0.9094
σ̂ 0.4387 0.0387 0.3231 0.3000 0.8707

100 α̂ −0.3324 −0.0324 0.6858 0.6696 0.9249
σ̂ 0.4114 0.0114 0.1217 0.1200 0.8990

200 α̂ −0.3167 −0.0167 0.4280 0.4314 0.9432
σ̂ 0.4057 0.0057 0.0724 0.0740 0.9238

500 α̂ −0.3042 −0.0042 0.2598 0.2621 0.9500
σ̂ 0.4018 0.0018 0.0431 0.0436 0.9409

σ = 2.3 25 α̂ −0.2008 0.0992 1.5345 1.1107 0.8734
σ̂ 2.3115 0.0115 1.6388 1.1557 0.8096

35 α̂ −0.3132 −0.0132 1.4698 1.1302 0.8954
σ̂ 2.4045 0.1045 1.6236 1.2284 0.8386

50 α̂ −0.3693 −0.0693 1.2939 1.0967 0.9090
σ̂ 2.4479 0.1479 1.4632 1.2558 0.8701

100 α̂ −0.3412 −0.0412 0.6750 0.6789 0.9251
σ̂ 2.3764 0.0764 0.6855 0.7021 0.8993

200 α̂ −0.3168 −0.0168 0.4280 0.4315 0.9433
σ̂ 2.3329 0.0329 0.4162 0.4255 0.9238

500 α̂ −0.3044 −0.0044 0.2598 0.2620 0.9502
σ̂ 2.3105 0.0105 0.2481 0.2507 0.9411

α = 0.3 σ = 0.4 25 α̂ 0.3286 0.0286 1.0046 0.8959 0.9076
σ̂ 0.4100 0.0100 0.1995 0.1759 0.8472

35 α̂ 0.3050 0.0050 0.8187 0.7862 0.9202
σ̂ 0.4109 0.0109 0.1606 0.1577 0.8717

50 α̂ 0.2954 −0.0046 0.6740 0.6925 0.9317
σ̂ 0.4094 0.0094 0.1320 0.1462 0.8929

100 α̂ 0.3000 −0.0000 0.4139 0.4160 0.9428
σ̂ 0.4038 0.0038 0.0743 0.0749 0.9170

200 α̂ 0.3002 0.0002 0.2852 0.2851 0.9550
σ̂ 0.4018 0.0018 0.0505 0.0506 0.9369

500 α̂ 0.3011 0.0011 0.1780 0.1792 0.9500
σ̂ 0.4005 0.0005 0.0312 0.0315 0.9476
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Table 1. Cont.

True Value n Estimate Mean Bias SE RMSE CP

σ = 2.3 25 α̂ 0.3323 0.0323 0.9929 0.8855 0.9076
σ̂ 2.3531 0.0531 1.1286 0.9970 0.8471

35 α̂ 0.3056 0.0056 0.8164 0.7825 0.9202
σ̂ 2.3617 0.0617 0.9203 0.9028 0.8717

50 α̂ 0.2962 −0.0038 0.6909 0.6903 0.9317
σ̂ 2.3533 0.0533 0.7898 0.8422 0.8929

100 α̂ 0.2996 −0.0004 0.4142 0.4173 0.9427
σ̂ 2.3221 0.0221 0.4278 0.4326 0.9171

200 α̂ 0.3000 0.0000 0.2853 0.2851 0.9550
σ̂ 2.3106 0.0106 0.2902 0.2912 0.9369

500 α̂ 0.3012 0.0012 0.1780 0.1791 0.9504
σ̂ 2.3028 0.0028 0.1796 0.1807 0.9475

α = 4.5 σ = 0.4 25 α̂ 4.7322 0.2322 0.7000 0.7925 0.9478
σ̂ 0.3887 −0.0113 0.0551 0.0579 0.9118

35 α̂ 4.6605 0.1605 0.5831 0.6322 0.9497
σ̂ 0.3921 −0.0079 0.0469 0.0487 0.9237

50 α̂ 4.6098 0.1098 0.4828 0.5055 0.9515
σ̂ 0.3945 −0.0055 0.0395 0.0400 0.9317

100 α̂ 4.5524 0.0524 0.3374 0.3462 0.9516
σ̂ 0.3975 −0.0025 0.0281 0.0284 0.9434

200 α̂ 4.5248 0.0248 0.2372 0.2410 0.9493
σ̂ 0.3988 −0.0012 0.0200 0.0201 0.9432

500 α̂ 4.5109 0.0109 0.1496 0.1516 0.9486
σ̂ 0.3994 −0.0006 0.0126 0.0128 0.9469

σ = 2.3 25 α̂ 4.7323 0.2323 0.7000 0.7926 0.9478
σ̂ 2.2351 −0.0649 0.3166 0.3330 0.9118

35 α̂ 4.6605 0.1605 0.5831 0.6322 0.9497
σ̂ 2.2543 −0.0457 0.2698 0.2803 0.9237

50 α̂ 4.6096 0.1096 0.4829 0.5056 0.9515
σ̂ 2.2686 −0.0314 0.2271 0.2301 0.9318

100 α̂ 4.5524 0.0524 0.3374 0.3462 0.9515
σ̂ 2.2854 −0.0146 0.1617 0.1633 0.9434

200 α̂ 4.5247 0.0247 0.2372 0.2410 0.9493
σ̂ 2.2933 −0.0067 0.1147 0.1158 0.9432

500 α̂ 4.5108 0.0108 0.1496 0.1517 0.9485
σ̂ 2.2969 −0.0031 0.0727 0.0736 0.9470

5. Data Analysis
5.1. The Rock Dataset

The rock dataset from the R [28] library provides a detailed analysis of the chemical
composition of 48 samples of igneous and metamorphic rocks, as seen in Table 2. Collected
in the 1920s, these samples have served as a valuable tool for teaching statistics and data
analysis. Table 3 presents a descriptive summary of the variable shape, which quantifies
the ratio between the perimeter (measured in pixels) and the square root of the area of the
pore space (measured in pixels) for the 48 rock samples from a petroleum reservoir. This
data set is right-skewed and has a big kurtosis with a small data sample. On the other side,
the results of the K-S test show a maximum difference of 0.10462 between the data and the
theoretical UTPN distribution. With a p-value of 0.6696, the null hypothesis that the data
come from the UTPN distribution is not rejected, indicating an adequate fit.
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Table 2. Shape ratios for rock dataset.

0.0903296 0.1486220 0.1833120 0.1170630 0.1224170 0.1670450 0.1896510
0.1641270 0.2036540 0.1623940 0.1509440 0.1481410 0.2285950 0.2316230
0.1725670 0.1534810 0.2043140 0.2627270 0.2000710 0.1448100 0.1138520
0.2910290 0.2400770 0.1618650 0.2808870 0.1794550 0.1918020 0.1330830
0.2252140 0.3412730 0.3116460 0.2760160 0.1976530 0.3266350 0.1541920
0.2760160 0.1769690 0.4387120 0.1635860 0.2538320 0.3286410 0.2300810
0.4641250 0.4204770 0.2007440 0.2626510 0.1824530 0.2004470

Table 3. Summary statistics for the rock dataset.

Size Mean Variance Skewness Kurtosis

48 0.2181 0.0835 1.1693 4.1098

Now, we evaluate the UTPN model against a set of competing models, which are
as follows.

(i) Unit-logistic distribution [5]: The unit-logistic distribution, with two parameters, is
defined by the PDF

f (x; µ, β) =
β µβ xβ−1(1 − µ)β (1 − x)β−1

[(1 − µ)β xβ + µβ(1 − x)β]2
, 0 < x < 1,

where 0 < µ < 1 represents the median of X, and β > 0 is the shape parameter.
(ii) Kumaraswamy distribution [29]: The two-parameter Kumaraswamy distribution is

defined by the PDF

f (x; α, β) = α β xβ−1 (1 − xβ)α−1, 0 < x < 1,

where α > 0 and β > 0.
(iii) Beta distribution [30]: The two-parameter beta distribution is characterized by the PDF

f (x; α, β) =
1

B(α, β)
xα−1 (1 − x)β−1, 0 < x < 1,

where α > 0 and β > 0.

Based on the results presented in Table 4, meaningful conclusions can be drawn
regarding the suitability of the evaluated models to adequately represent the distribution
of the rock dataset. The K-S test statistic D values for each evaluated model are presented.
The UTPN model exhibits the highest log-likelihood value (57.94) among the considered
models, indicating a superior fit to the observed data. Furthermore, information criteria
AIC, BIC, CAIC, and HQIC support the superiority of the UTPN model by presenting the
lowest values in each case. This body of evidence underscores the utility of the UTPN
model compared to the unit-logistic (ULO), beta (B), and Kumaraswamy (KAM) models
in accurately representing the distribution of igneous and metamorphic rock samples.
Parameter estimates and their respective standard deviations provide detailed insights into
the shape and variability of the UTPN model.

Figure 5 displays histograms and CDF for the dataset, accompanied by fitted distribu-
tions using ML estimates in UTPN, ULO, beta, and Kumaraswamy models. This analysis
underscores their robust and efficient ability to model data within the interval (0, 1). These
findings suggest that the UTPN model could be a valuable alternative in modeling similar
phenomena, especially in situations involving small sample sizes. Overall, the UTPN model
emerges as the preferred choice for modeling the rock dataset, underscoring its suitability
and precision compared to the competing models.
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Table 4. Model parameter estimates, log-likelihood values, and goodness-of-fit measures for the rock
dataset.

Models Estimation (SE) log(L) AIC BIC CAIC HQIC K-S

UTPN α̂ = 4.485 (0.480) 57.94 −111.88 −108.13 −111.61 −110.46 0.11
σ̂ = 0.354 (0.036)

ULO µ̂ = 0.203 (0.011) 56.95 −109.91 −106.16 −109.64 −108.49 0.10
β̂ = 3.828 (0.461)

B α̂ = 5.942 (1.181) 55.60 −107.20 −103.46 −106.93 −105.79 0.14
β̂ = 21.205 (4.347)

KAM α̂ = 2.719 (0.293) 52.49 −100.98 −97.24 −100.72 −99.57 0.15
β̂ = 44.660 (17.574)
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Figure 5. Models and estimated CDFs for the rock dataset.

5.2. Computation Time of P3 Algorithms

Information on the computational time of P3 algorithms, as presented in Table 5, can
be found in a study by Caramanis et al. [31]. The authors of [31] used them to fit a novel
statistical model that encompasses univariate and bivariate approaches. Table 6 illustrates
the right-skewed nature of the dataset. Notably, the sample size is small, approximately
20, which presents a challenge for modeling. On the other side, the maximum difference
between the data and the theoretical UTPN distribution, according to the K-S test results,
is 0.1480. With a p-value of 0.7211, the null hypothesis, according to which the data come
from the UTPN distribution, is accepted, which implies an adequate fit.

Table 5. Computational times of P3 algorithms.

0.853 0.759 0.874 0.800 0.716 0.557 0.503 0.399 0.334 0.207 0.118
0.097 0.078 0.067 0.056 0.044 0.036 0.026 0.019 0.014 0.010 0.118

Table 6. Summary statistics for the dataset on the computational duration of P3 algorithms.

Size Mean Variance Skewness Kurtosis

22 0.3039 0.3178 0.7114 1.8838

The outcomes derived from the analysis presented in Table 7 offer valuable insights
into the performance of the evaluated models in capturing the underlying distribution
of the P3 algorithm dataset. The test statistic D values from the K-S test are provided
for each evaluated model. Notably, the UTPN model exhibits a log-likelihood value of
8.07, suggesting a favorable fit to the data. This is further supported by the information



Axioms 2024, 13, 397 19 of 21

criteria (AIC, BIC, CAIC, and HQIC) consistently presenting the lowest values for the
UTPN model compared to alternative models, namely the ULO, B, and KAM distributions.
The parameter estimates provide nuanced understanding, with α̂ and σ̂ shedding light on
the shape and variability of the UTPN model. While uncertainty is inherent in parameter
estimation, the UTPN model, characterized by α̂ = 0.287 and σ̂ = 2.177, emerges as a
promising candidate for effectively modeling data within the (0, 1) interval.

Table 7. Model parameter estimates, log-likelihood values, and goodness-of-fit measures for the P3
algorithms dataset.

Models Estimation (SE) log(L) AIC BIC CAIC HQIC K-S

UTPN α̂ = 0.287 (0.848) 8.07 −12.15 −9.96 −11.51 −11.63 0.15
σ̂ = 2.177 (0.806)

ULO µ̂ = 0.177 (0.068) 7.71 −11.42 −9.24 −10.79 −10.91 0.14
β̂ = 0.817 (0.141)

B α̂ = 0.554 (0.142) 6.78 −9.56 −7.38 −8.93 −9.05 0.20
β̂ = 1.220 (0.376)

KAM α̂ = 0.572 (0.148) 6.84 −9.69 −7.51 −9.06 −9.17 0.20
β̂ = 1.231 (0.348)

Graphically, Figure 6 clearly demonstrates that the UTPN distribution exhibits the
most favorable performance. The figure showcases a histogram overlaid with the fitted
density function, alongside a plot illustrating the empirical distribution with the estimated
CDF of these fitted distributions.
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Figure 6. Models and estimated CDFs for P3 algorithms dataset.

6. Conclusions

In numerous applied scientific fields, various metrics, such as indicators, percentages,
proportions, ratios, and rates, measured on the scale of (0, 1) serve as crucial study vari-
ables for characterizing diverse phenomena. However, the current statistical literature
offers limited model options for handling these variables. The beta and Kumaraswamy
distributions are two of the main models. This study introduces a flexible two-parameter
probability distribution with a bounded domain, derived using an exponential transfor-
mation of a truncated positive normal variable, this transformation provides statistical
properties related to the distribution in simple and closed form. We investigate several
statistical properties of the proposed distribution, including maximum likelihood analyses
conducted on two practical datasets. Notably, the obtained findings demonstrate that the
proposed distribution exhibits greater flexibility compared to commonly used statistical
distributions, such as beta, Kumaraswamy, and unit-logistic distributions. Particularly in
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the realm of modeling small samples, the obtained results underscore the superior per-
formance of the UTPN distribution. On the other hand, the study’s findings suggest that
the UTPN distribution may not be ideal for modeling lifetime data with a decreasing HR
function or a bathtub-shaped HR, which includes burn-in and wear-out phases along with
extended periods of low, constant hazard. Therefore, further research may aim to improve
the distribution to overcome these limitations. Moreover, future research avenues could
explore the derivation of alternative models from the TPN distribution using different
transformations, as well as the examination of the proposed model within the quantile
regression framework.
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Appendix A

The following are the second derivatives of the log-likelihood function and the ele-
ments of the Fisher information matrix:

∂2l(α, σ)

∂α2 = n
(
−1 +

ϕ2(α)

Φ2(α)
+ α

ϕ(α)

Φ(α)

)
,

∂2l(α, σ)

∂σ∂α
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1
σ2

n

∑
i=1

log(xi),

∂2l(α, σ)

∂σ2 =
n
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σ3

n

∑
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log(xi)−
3
σ4

n

∑
i=1

log2(xi)

and

E
(
−∂2l(α, σ)

∂α2

)
= n

(
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− α

ϕ(α)
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(
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σ

(
α +

ϕ(α)
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